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For positive integers n, k, let H(n, k) denote the set of partitions of 
{ 1, 2 .... , n} into k blocks and let H(n)= ILH(n, k) (IJ denotes disjoint 
union). Let S(n, k) = Card H(n, k). H(n) is partially ordered by refinement: 
for ~, o- ~ II(n) we have ~ ~< o- if and only if every block of ~ is contained in 
some block of a. The rank of ~ e H(n) is equal to n -  number of blocks of re. 
The rank of H(n) is n - 1 and its rank numbers are S(n, n), S(n, n -  1) .... , 
S(n, 1). 
Let P denote a finite rank n graded poset with rank function r: P--,  
{0, 1 ..... n}. The elements Xl, x2 ..... xh of P are said to form an upper chain 
(resp. symmetric chain) if Xi+l covers xi for every i < h and r(xl) + r(xt,)/> n 
(resp. r(xl)+r(xh)=n). An upper chain decomposition (UCD) of P is a 
covering of P by pairwise disjoint upper chains. 
In this note we shall inductively construct a UCD of H(n). It follows 
that, in H(n), there are order-matchings from rank k into rank k + 1 for k 
below the middle rank. This is a result of Kung [4]. In [2] Canfield 
proved the much stronger esult that, for large n, there are order-matchings 
in H(n) from rank k into rank k+l  for k<Kn, where K,,~n(1- 
(log 4/log n)). Another consequence of our construction is that the entire 
bottom half of H(n) can be covered by pairwise disjoint symmetric hains. 
Kung [ 3 ] had proved that the rank-1 elements of any geometric lattice can 
be covered by pairwise disjoint symmetric hains. 
Our inductive construction is an extension of the method of de Bruijn, 
Tengbergen, and Kruyswijk [ 1 ]. Clearly /7(1) has an UCD. Assume we 
have available UCD's of H(1),H(2),...,H(n). Construct an UCD of 
H(n + 1) by the following two-stage procedure: 
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(i) From every upper chain in the UCD of H(n) form one or two 
upper chains in H(n+ 1) as follows: For 7:eH(n) let 7:+ {n+ 1} denote 
the partition in H(n + 1) obtained from 7: by adding the singleton block 
{n + 1} and let H.{n + 1} denote the partition in H(n + 1) obtained from 
7: by adding n + 1 to that block of 7: which contains n. 
Now let 7:1 < re2 < ... < 7:h be an upper chain in the UCD of H(n). If 
h = 1, form the following upper chain in ll(n + 1): 
7:1 4- {n 4- 1} < 7:1. {n -}- 1}. 
If h > 1, form the following two upper chains in H(n + 1 ): 
7:1+ {n+ 1} <7:2+ {n+ 1} < -.. <7:h+{n+ 1} <~h.{n+ 1}, 
7:1.{,+1}<7:2.{,+1}< 1.{,+2}. 
By performing this step for every upper chain in the UCD of H(n) we 
cover, by pairwise disjoint upper chains, those partitions in H(n + 1) which 
have { n + 2 } as a singleton block or in which n and n + 2 occur in the same 
block. We are thus left with those partitions in H(n + 2) in which n + 2 
occurs in a non-trivial block (i.e., of cardinality )2 )  and in which n and 
n + 1 do not occur in the same block. Call this set q~(n + 1 ). 
(ii) LetF(n+l)={A~_{2,...,n+2}: CardA>~2, n+2~A,  nCA}. 
For A~F(n+ 1), let H(A) = {7:EH(n+ 1): A is a block of 7:}. Evidently 
~(n "~ 2) = I~A~F(n-I-1) H(A). 
Let A ~ F(n + 2 ). Then 
(a) H(A) under the induced order is order isomorphic to the lattice 
of partitions of the set { 2 ..... n + 2 } - A and is thus order isomorphic to 
H(n + 1 - Card A). 
(b) The minimum element of H(A) is the partition 7: in H(n+ 2) 
with A as the only nontrivial block. The rank of 7: in ll(n+l) is 
Card A -  1. The maximum element of H(A) is the partition a in H(n + 1) 
with two blocks: A and { 1, ..., n + 2}-A .  The rank of a in H(n + 1) is 
n-2 .  
(c) The difference between the ranks, in H(n + 1), of the maximum 
and minimum elements of H(A) is n -  Card A. 
(d) The sum of the ranks, in H(n + 2), of the maximum and minimum 
elements of H(A) is ~>n. 
By (a) and the induction hypothesis H(A) has a UCD and by (a), (c), 
and (d) all chains in this UCD are upper in H(n + 1). 
By constructing a UCD of H(A) for all A eF(n + 2) we cover ~(n 4-1) 
by pairwise disjoint upper chains. 
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F rom the above construction we get the following recurrence for the 
Stirling numbers: 
S(n+l ,k )=S(n ,k -1 )+S(n ,k )+ ~.=l n-li S (n - i , k -1 ) .  
For  the proof note that the first term in the RHS counts the number of 
k-block partit ions in H(n+ 1) having {n+ 1} as a singleton block; the 
second term counts the number  of k-block partit ions in H(n + 1) in which 
n and n + 1 occur in the same block; and the third term counts the number  
of k-block partit ions in ~b(n + 1). 
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